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Abstract In this paper the Sumudu transforms of Hilfer-Prabhakar fractional
derivative and regularized version of Hilfer-Prabhakar fractional derivative are ob-
tained. These results are used to obtain relation between them involving Mittag-
Leffler function. Also these results are applied to solve some problems in physics.
Here the solutions of problems involving Hilfer-Prabhakar fractional derivative and
regularized version of Hilfer-Prabhakar fractional derivative are obtained by using
Fourier and Sumudu transform techniques.
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1 Introduction
The concept of integral transforms is originated from the Fourier integral formula.
The importance of integral transforms is that they provide powerful operational
method for solving initial and boundary value problems. The operational calculus
of integral transform is used to solve the differential and integral equations arising
in applied mathematics, mathematical physics and Engineering science. K. S. Miller,
B. Ross, Podlubny Igor, A. A. Kilbas, J. J. trujillo used Laplace transform approach
1
2to solve Cauchy type fractional differential equations and F. Mainardi solved the vis-
coelastic problems by Laplace techniques. Recently, Watugala G. K. [5] introduced a
new integral transform in 1990 known as Sumudu transform. Watugala G. K. solved
fractional differential equations by using Sumudu transform techniques.
The Prabhakar integral [3] is defined by modifying Riemann-Liouville integral op-
erator by extending its kernel with a three-parameter Mittag-Leffler function. The
Hilfer-Prabhakar fractional derivative and its Caputo like regularized counterpart
were first introduced in [4]. In this paper the Sumudu transforms of Hilfer-Prabhakar
fractional derivative and regularized version of Hilfer-Prabhakar fractional deriva-
tive are obtained. These results are used to obtain relation between them involving
Mittag-Leffler function and it is also used to obtain the solutions of non-homogeneous
Cauchy type fractional differential equations [4] in which Hilfer-Prabhakar fractional
derivative and regularized version of Hilfer-Prabhakar fractional derivative are in-
volved.
2 Preliminaries
In this section we gives some definitions, theorems and lemma, which are used in
the paper.
Definition 2.1 [5] Consider a set A defined as,
A =
{
f(t)/∃ M, τ1, τ2 > 0, |f(t)| ≤ Me
|t|
τj if t ∈ (−1)j × [0,∞)
}
(2.1)
For all real t ≥ 0 the Sumudu transform of function f(t) ∈ A is defined as,
S[f(t)](u) =
∫
∞
0
1
u
e−
t
uf(t)dt, u ∈ (−τ1, τ2) (2.2)
and is denoted by F (u) = S[f(t)](u).
Definition 2.2 [5] The function f(t) in (2.1) is called inverse Sumudu transform of
F (u) and is denoted by,
f(t) = S−1[F (u)](t) (2.3)
and the inversion formula for Sumudu transform is given by [5] ,
f(t) = S−1[F (u)](t) =
1
2πi
∫ γ−i∞
γ−i∞
1
u
e
t
uf(u)du (2.4)
For Re( 1
u
) > γ and γ ∈ C.
3Definition 2.3 [3] The three parameter Mittage-Leffter function introduced by Prab-
hakar is of the form
Eγα,β(z) =
∞∑
k=0
Γ(r + k)
Γ(r)Γ(αk + β)
zk
k!
(2.5)
for α, β, γ ∈ C and Re(α) > 0.
Definition 2.4 [2] Let f(x) be a function defined on (−∞,∞) and be piecewise con-
tinuous in each finite partial interval and absolutely integrable in (−∞,∞) then
F [f(x)](p) =
∫
∞
−∞
e−ipxf(x)dx (2.6)
is called Fourier transform of f(x) and is denoted by F [f(x)](p) = f(p).
The function f(x) called the inverse Fourier transform of f(p), is defined as
f(x) = F−1[f(p)](x) =
1
2π
∫
∞
−∞
f(p)eipxdp (2.7)
and is denoted by f(x) = F−1[f(p)](x).
Definition 2.5 [3](Prabhakar Integral)
Let fǫL1[0, b]; 0 < t < b <∞. The prabhakar integral is defined as,
Eγ
ρ,µ,ω,0+f(t) =
∫ t
0
(t− y)µ−1Eγρ,µ[ω(t− y)
ρ]f(y)dy
= (f ∗ eγρ,µ,ω)(t) (2.8)
where * denote the convolution operation; ρ, µ, ω, γ ∈ C; Re(ρ), Re(µ) > 0 and
eγρ,µ,ω(t) = t
µ−1Eγρ,µ[ωt
ρ]. (2.9)
For n ∈ N, we denote by ACn[a, b] the space of the real valued function f(t)
which have continuous derivative up to order (n − 1) on [a, b] such that f (n−1)(t)
belongs to the space of absolutely continuous functions AC[a, b],
ACn[a, b] =
{
f : [a, b]→ R; d
n−1
dxn−1
f(x) ∈ AC[a, b]
}
.
Definition 2.6 [4] ( Hilfer-Prabhakar Fractional Derivative)
Let µ ∈ (0, 1); ν ∈ [0, 1] and let f ∈ L1[0, b]; 0 < t < b < ∞; (f ∗ e
−γ(1−ν)
ρ,(1−ν)(1−µ),ω)(t) ∈
AC1[0, b]. The Hilfer-Prabhakar fractional derivative of f(t) of order µ denoted by
Dγ,µ,ν
ρ,ω,0+f(t) is defined as,
Dγ,µ,ν
ρ,ω,0+f(t) =
(
E−γν
ρ,ν(1−µ),ω,0+
d
dt
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f
))
(t) (2.10)
where γ, ω ∈ R, ρ > 0 and E0
ρ,0,ω,0+f = f .
4In order to consider the Cauchy problems in which initial condition depending
only on the function and its integer-order derivative, we use the regularized version
of Hilfer-Prabhakar fractional derivative defined as below.
Definition 2.7 [4] (Regularized Version of Hilfer-Prabhakar Fractional
Derivative)
For f ∈ AC1[0, b], 0 < t < b <∞; µ ∈ (0, 1); ν ∈ [0, 1]; γ, ω ∈ R, ρ > 0. The regular-
ized version of Hilfer-Prabhakar fractional derivative of f(t) denoted by CD
γ,µ
ρ,ω,0+f(t)
is defined as,
C
D
γ,µ
ρ,ω,0+ =
(
E−γν
ρ,ν(1−µ),ω,0+E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+
d
dt
f
)
(t) (2.11)
=
(
E−γ
ρ,ν(1−µ),ω,0+
d
dt
f
)
(t). (2.12)
Theorem 2.1 [5] Let F (u) and G(u) be Sumudu transforms of f(t) and g(t) respec-
tively. The Sumudu transforms of convolution of f and g is
S
[
(f ∗ g)(t)
]
(u) = uF (u)G(u), (2.13)
where (f ∗ g)(t) =
∫ t
0
f(t)g(t− τ)dτ .
Lemma 2.1 [1] Let α, β, λ ∈ R and α > 0, β > 0, n ∈ N. The Sumudu transform of
function eγρ,µ,ω(t) defined in (2.10) is,
S
[
eγρ,µ,ω(t)
]
(u) =
u(β−1)
(1− λuα)δ
. (2.14)
3 Sumudu Transform of Hilfer-Prabhakar
Fractional Derivatives
Lemma 3.1 The Sumudu transform of Hilfer-Prabhakar fractional derivative (2.10)
is,
S
(
Dγ,µ,ν
ρ,ω,0+f(t)
)
(u) = S
(
E−γν
ρ,ν(1−µ),ω,0+
d
dt
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f
))
(u)
= u−µ(1− ωuρ)γF (u)− uν(1−µ)−1(1− ωuρ)γν
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
. (3.1)
Proof: Taking Sumudu transform of Hilfer-Prabhakar fractional derivative (2.10)
and using (2.8), (2.9), (2.13) and (2.14), we have,
S
(
Dγ,µ,ν
ρ,ω,0+f(t)
)
(u) = S
((
E−γν
ρ,ν(1−µ),ω,0+
d
dt
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f
))
(t)
)
(u)
= S
((
e−γν
ρ,ν(1−µ),ω ∗
d
dt
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f
))
(t)
)
(u)
= uS
(
tν(1−µ)−1E−γν
ρ,ν(1−µ)(ωt
ρ)
)
(u)S
(
d
dt
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f
)
(t)
)
(u)
5= uuν(1−µ)−1(1− ωuρ)γν
{
S
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
(u)−
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
u
}
= uν(1−µ)−1(1− ωuρ)γνS
((
e
−γ(1−ν)
ρ,(1−ν)(1−µ),ω ∗ f
)
(t)
)
(u)
− uν(1−µ)−1(1− ωuρ)γν
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
= uν(1−µ)−1(1− ωuρ)γνuS
(
t(1−ν)(1−µ)−1Eρ,(1−ν)(1−µ)(ωt
ρ)
)
(u)S[f(t)](u)
− uν(1−µ)−1(1− ωuρ)γν
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
= uγ(1−µ)(1− ωuρ)γνu(1−ν)(1−µ)−1(1− ωuρ)γ(1−ν)S[f(t)](u)
− uν(1−µ)−1(1− ωuρ)γν
[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
.
Thus we get the required result (3.1).
Lemma 3.2 The Sumudu transforms of the regularized version of Hilfer-Prabhakar
fractional derivative (2.11) of order µ is,
S
(
C
D
γ,µ
ρ,ω,0+f(t)
)
(u) = u−µ(1− ωuρ)γ
(
F (u)− f(0+)
)
= u−µ(1− ωuρ)γF (u)− u−µ(1− ωuρ)γf(0+). (3.2)
Proof: Taking Sumudu transforms of regularized version of Hilfer-Prabhakar frac-
tional derivative (2.11) of order µ and using (2.8), (2.9), (2.13) and (2.14). We have,
S
(
CD
γ,µ
ρ,ω,0+f(t)
)
(u) = S
((
E−γν
ρ,ν(1−µ),ω,0+
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+
d
dt
f
))
(t)
)
(u)
= S
((
e−γν
ρ,ν(1−µ),ω ∗
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+
d
dt
f
))
(t)
)
(u)
= uS
(
tν(1−µ)−1E−γν
ρ,ν(1−µ)(ωt
ρ)
)
(u)S
(
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+
d
dt
f(t)
)
(u)
= uuν(1−µ)−1(1− ωuρ)γνS
((
e
−γ(1−ν)
ρ,(1−ν)(1−µ),ω ∗
d
dt
f
)
(t)
)
(u)
= uν(1−µ)(1− ωuρ)γνuS
(
t(1−ν)(1−µ)−1E
−γ(1−ν)
ρ,(1−ν)(1−µ)(ωt
ρ)
)
(u)S
(
d
dt
f(t)
)
(u)
= uν(1−µ)(1− ωuρ)γνuu(1−ν)(1−µ)−1(1− ωuρ)γ(1−ν)
{
S
[
f(t)
]
(u)− f(0+)
u
}
Thus we get the required result (3.2).
6Alternating Proof of Lemma (3.2): Taking Sumudu transforms of regularized
version of Hilfer-Prabhakar fractional derivative (2.12) of order µ and using (2.8),
(2.9), (2.13), (2.14). We have,
S
(
CD
γ,µ
ρ,ω,0+f(t)
)
(u) = S
(
E−γ
ρ,ν(1−µ),ω,0+
d
dt
f
)
(u)
= S
((
e−γ
ρ,(1−µ),ω ∗
d
dt
f
)
(t)
)
(u)
= uS
(
t−µE−γ
ρ,(1−µ)(ωt
ρ)
)
(u)S
(
d
dt
f(t)
)
(u)
= uu−µ(1− ωuρ)γ
{
S
[
f(t)
]
(u)− f(0+)
u
}
= u−µ(1− ωuρ)γ
(
F (u)− f(0+)
)
.
Observing that for absolutely continuous function f ∈ AC1[0, b],[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
= 0 (3.3)
then the result (3.1) becomes,
S
(
Dγ,µ,ν
ρ,ω,0+f(t)
)
(u) = u−µ(1− ωuρ)γF (u) (3.4)
Substituting this value (3.4) in (3.2), we get,
S
(
CD
γ,µ
ρ,ω,0+f(t)
)
(u) = S
(
Dγ,µ,ν
ρ,ω,0+f(t)
)
(u)− u−µ(1− ωuρ)γf(0+) (3.5)
taking inverse Sumudu transform of (3.5), we get the relation between Hilfer-Prabhakar
fractional derivative and regularized version of Hilfer-Prabhakar fractional derivative
in terms of Mittag-leffter function as below,
CD
γ,µ
ρ,ω,0+f(t) = D
γ,µ,ν
ρ,ω,0+f(t)− t
−µE−γ
ρ,(1−µ)(ωt
ρ)f(0+), (3.6)
for f ∈ AC1[0, b].
4 Applications of Hilfer-Prabhakar Fractional
Derivatives using Sumudu transform and Fourier
transform techniques
Theorem 4.1 The solution of Cauchy problem
Dγ,µ,ν
ρ,ω,0+y(x) = λE
δ
ρ,µ,ω,0+y(x) + f(x), (4.1)[
E
−γ(1−ν)
ρ,(1−ν)(1−µ),ω,0+f(t)
]
t=0+
= K, (4.2)
7where f(x) ∈ L1[0,∞); µ ∈ (0, 1), ν ∈ [0, 1]; ω, λ ∈ C; x, ρ > 0, K, γ, δ ≥ 0, is
y(x) = K
∞∑
n=0
λnxν(1−µ)+µ(2n+1)−1E
γ−γν+n(δ+γ)
ρ,ν(1−µ)+µ(2n+1)(ωx
ρ) +
∞∑
n=0
E
γ+n(δ+γ)
ρ,(2n+1)µ,ω,0+f(x).
(4.3)
Proof: Let Y (u) and F (u) denote the Sumudu transform of y(x) and f(x) respec-
tively, Now taking Sumudu transform of (4.1) and using (2.8), (2.9), (2.13), we get
S
(
Dγ,µ,ν
ρ,ω,0+y(x)
)
(u) = λS
(
Eδρ,µ,ω,0+y(x)
)
(u) + S
(
f(x)
)
(u)
= λS
((
eδρ,µ,ω ∗ y
)
(x)
)
(u) + F (u)
= λuS
(
xµ−1Eδρ,µ(ωx
ρ)
)
(u)S
(
y(x)
)
(u) + F (u)
From (2.14),(3.1) and (4.2), we get,
u−µ(1− ωuρ)γY (u)− uν(1−µ)−1(1− ωuρ)γνK = λuuµ−1(1− ωuρ)−δY (u) + F (u)(
u−µ(1− ωuρ)γ − λuµ(1− ωuρ)−δ
)
Y (u) = uν(1−µ)−1(1− ωuρ)γνK + F (u)
Y (u) =
(
Kuν(1−µ)−1(1− ωuρ)γν
u−µ(1− ωuρ)γ
+
F (u)
u−µ(1− ωuρ)γ
)
1(
1− λu
µ(1−ωuρ)−δ
u−µ(1−ωuρ)γ
)
=
(
Kuν(1−µ)+µ−1(1− ωuρ)γν−γ + F (u)uµ(1− ωuρ)−γ
) ∞∑
n=0
λnu2nµ(1− ωuρ)−n(δ+γ)
= K
∞∑
n=0
uν(1−µ)+µ(2n+1)−1(1− ωuρ)−n(δ+γ)+γν−γ + F (u)
∞∑
n=0
uµ(2n+1)(1− ωuρ)−n(δ+γ)−γ .
Taking inverse Sumudu transform on both side of above equation, we get the required
solution (4.3).
Theorem 4.2 The solution of Cauchy problem
C
D
γ,µ
ρ,−ω,0+G(v, t) = −λ(1− v)G(v, t), for | v |≤ 1 (4.4)
G(v, 0) = 1, (4.5)
with t > 0, φ, λ > 0, γ ≥ 0, 0 < ρ ≤ 1, 0 < µ ≤ 1, is
G(v, t) =
∞∑
n=o
(−λ)n(1− v)ntnµEnγρ,nµ+1(−ωt
ρ). (4.6)
8Proof: Taking Sumudu transform of (4.4) with respect to t and using (3.2) and (4.5).
S
(
CD
γ,µ
ρ,−ω,0+G(v, t)
)
(v, q) = −λ(1− v)S
(
G(v, t)
)
(v, q)
q−µ(1 + ωqρ)γS
(
G(v, t)
)
(v, q)− q−µ(1 + ωqρ)γG(v, 0) = −λ(1− v)S
(
G(v, t)
)
(v, q)[
q−µ(1 + ωqρ)γ + λ(1− v)
]
S
(
G(v, t)
)
(v, q) = q−µ(1 + ωqρ)γ
S
(
G(v, t)
)
(v, q) =
q−µ(1 + ωqρ)γ
q−µ(1 + ωqρ)γ
(
1 + λ(1−v)
q−µ(1+ωqρ)γ
)
S
(
G(v, t)
)
(v, q) =
∞∑
n=0
(−λ)n(1− v)nqnµ(1 + ωqρ)−nγ
Taking inverse Sumudu transform on both side of above equation, we get the required
solution (4.6).
Theorem 4.3 The solution of Cauchy problem
Dγ,µ,ν
ρ,ω,0+u(x, t) = K
∂2
∂x2
u(x, t), (4.7)[
E
−γ(1−ν)
ρ,(1−ν),(1−µ),ω,0+u(x, t)
]
t=0+
= g(x), (4.8)
lim
x→±∞
u(x, t) = 0, (4.9)
with µ ∈ (0, 1), ν ∈ [0, 1]; x, ω ∈ R; t, ρ > 0; K, γ ≥ 0, is
u(x, t) =
1
2π
∫
∞
−∞
dp eipxĝ(p)
∞∑
n=0
(−k)np2ntµ(n+1)−ν(µ−1)−1E
γ(n+1−ν)
ρ,µ(n+1)−ν(µ−1)(ωt
ρ).
(4.10)
Proof: Let u(x, q) denote the Sumudu transform of u(x, t) and û(p, t) denote the
Fourier transform of u(x, t). Taking Fourier-Sumudu transform of (4.7) and using
(3.1), (4.8), (4.9) we get,
q−µ(1− ωqρ)γ û(p, q)− qν(1−µ)−1(1− ωqρ)γν ĝ(p) = −Kp2 û(p, q)(
q−µ(1− ωqρ)γ +Kp2
)
û(p, q) = qν(1−µ)−1(1− ωqρ)γν ĝ(p)
9û(p, q) =
qν(1−µ)−1(1− ωqρ)γν
q−µ(1− ωqρ)γ
(
1 + Kp
2
q−µ(1−ωqρ)γ
) ĝ(p)
û(p, q) = ĝ(p)qµ+ν(1−µ)−1(1− ωqρ)γν−γ
∞∑
n=0
(−K)np2nqnµ(1− ωqρ)−nγ
û(p, q) = ĝ(p)
∞∑
n=0
(−K)np2nqν(1−µ)+µ(n+1)−1(1− ωqρ)γν−γ−nγ (4.11)
Taking inverse Fourier transform of above equation (4.11) we get,
u(x, q) =
1
2π
∫
∞
−∞
dp eipxĝ(p)
∞∑
n=0
(−K)np2nqν(1−µ)+µ(n+1)−1(1− ωqρ)γν−γ−nγ (4.12)
Taking inverse Sumudu transform of above equation (4.12), we get the required solu-
tion (4.10).
Theorem 4.4 The solution of Cauchy problem
C
D
γ,µ
ρ,ω,0+u(x, t) = K
∂2
∂x2
u(x, t), (4.13)
u(x, 0+) = g(x), (4.14)
lim
x→±∞
u(x, t) = 0, (4.15)
with µ ∈ (0, 1), x, ω ∈ R, t,K, ρ > 0, γ ≥ 0, is
u(x, t) =
1
2π
∫
∞
−∞
dp eipxĝ(p)
∞∑
n=0
(−k)np2ntnµEnγρ,nµ+1(ωt
ρ). (4.16)
Proof: Let u(x, q) denote the Sumudu transform of u(x, t) and û(p, t) denote the
Fourier transform of u(x, t). Now taking Fourier-Sumudu transform of (4.13) and
using (3.2), (4.14), (4.15) we get,
q−µ(1− ωqρ)γ û(p, q)− q−µ(1− ωqρ)γ ĝ(p) = −K p2 û(p, q)(
q−µ(1− ωqρ)γ +K p2
)
û(p, q) = q−µ(1− ωqρ)γ ĝ(p)
û(p, q) =
q−µ(1− ωqρ)γ
q−µ(1− ωqρ)γ
(
1 + K p
2
q−µ(1−ωqρ)γ
) ĝ(p)
û(p, q) = ĝ(p)
∞∑
n=0
(−K)np2nqnµ(1− ωqρ)−nγ (4.17)
Taking inverse Fourier transform of (4.17) , we get,
u(x, q) =
1
2π
∫
∞
−∞
dp eipxĝ(p)
∞∑
n=0
(−K)np2nqnµ(1− ωqρ)−nγ (4.18)
Taking inverse Sumudu transform of (4.18), we get required solution (4.16).
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